Abstract-It is recommended to monitor the time between events(TBE) when the defect rate is very low. An unbiased median chart is proposed to monitor exponential distributed TBE data and some design parameters are provided for ease of application. For the parameter is usually unknown, the effects of estimation on the chart performance are evaluated in terms of conditional false alarm rate and the conditional average run length(ARL) distribution. It is find that the median statistical can significantly reduce the "practitioner-to-practitioner" variability, and less number of reference samples are needed in phase I control chart. Moreover, the median chart ensures the sensitivity of the process shift to a certain extent. It is shown that the median statistical is an alternative one to monitor the exponential distributed TBE data.
INTRODUCTION
It is reco mmended to monitor the time between events when the defect rate is very low (per million or per billion) for the conventional attribute control chart for count data are found to be inefficient [1] . The occurrence of the events can be modeled by the homogenous Poisson process, thus the time between consecutive events can be assumed to be independent and identically distributed exponential random variables [2] . It is noticed that the exponential distributed TBE data are highly skewed. The sample med ian is a robust estimator of location for samples, and it is ease of computation and offers advantages when the population is skewed. Moreover, the med ian chart can maintain the chart's sensitivity in the presence of outliers [3] . Thus, the sample median could be an alternative statistical to monitor TBE data.
Most of the proposed charts have overlooked the parameter estimation, while in practice, the parameters are often unknown and need to be estimated, and control chart performs very differently fro m the known parameter case, which would affect the practitioners' confidence. Reference [4, 5] highlighted the importance of investigation on the performance of d ifferent charts with estimated parameters. Reference [6, 7] focused on the marginal run length distribution and some associated characteristics to evaluate the performance of the control chart. The marg inal run length distribution is averaged over all possible charts constructed using different Phase I samp les. Although that the analysis of the marginal run length distribution provides a simple and convenient way to evaluate the performance of the control chart, it can't g ive the comp lete picture of the control chart with unknown parameters [7] . The practitioner would most likely have one possible sample of size N to construct the control chart, and the performance of the control chart will depend on the specific sample. Thus, given different Phase I samples, the control limits and the performance of the corresponding control chart would be very differently for practitioners, which is called the "practitioner-to-practitioner" variability. The conditional run length distribution can give specific informat ion about how poorly or well the control chart performs [8] [9] [10] .
In this article, we will investigate the median chart by conditional distribution and some related characteristics, such as the conditional false alarm rate (CFA R), the mean and standard deviation of the ARL distribution (AARL and SDARL). The rest of this paper is organized as follows. The median chart and its unbiased design is proposed with both known and estimated parameter case in Section 2. In Section 3, we evaluate the in-control performance of the median chart by the CFAR, the AARL0 and the SDARL0, and the out-of-control performance by the AARL. Finally, conclusions and discussions are drawn in section 4.
II. DESIGN OF THE MEDIAN CHART WIT H BOT H KNOWN AND UNKNOWN PARAMET ER CASE

The known parameter case
Assume that the occurrence of events follows a homogeneous Poisson process with constant rate, then the times between consecutive events are exponential distributed random variables. Denote X be the time between two consecutive events, then the probability density function of X is given by:
where the parameter  is the occurrence rate of the events.
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is the ith ordered subgroup. To make the sample median easier and faster to compute, it is usual to assume that the sample size n is an odd value. In the rest of this paper, we will only focus on the case where n is an odd value. It can be easily obtained that the cumulative distribution function of°i Y is: Denote U and L be the lower and upper control limits, and give a specified false alarm rate  for the median chart with known parameters,
When the process shifts, 10 =   , the probability that a sample point falls between the control limits is obtained as follows:
The corresponding ARL is,
For the two-sided control chart, the ARL curve may not approach its maximu m value at the in-control state ( =1  ) if the control limits are based on the conventional equal-tail probability limits. Suppose   ARL  is differentiable, to make the ARL approach its maximu m value when =1  ，we make
ARL
  
Thus, for a given false alarm rate  , the control limits (L U) of the ARL-unbiased median chart can be obtained by the following equations:
In order to solve (8), let° (8), then, the Equation (8) Table I .
The estimated parameter case
We usually estimate the parameters by phase I samples to set up the phase II control limits in the estimated parameter case. Assume that we have a phase I sample of N failure times each following an exponential distribution with an unknown mean 0  , the maximu m likelihood estimator of 0  is:
Fro m the unbiased design of the median chart, the phase II control limits with unknown parameters are given by:
It is obvious that the control limits are random variable for wh ich are the function of the phase I estimator $  . Thus, the performance of the median chart with unknown parameters is far different from the known parameter case for the variation of $  . The more detailed study will be shown in section 3.
III. THE PERFORMANCE EVALUATION OF T HE MEDIAN CHART
Reference [11] investigated the tr-chart with unknown parameters. They proposed estimating the parameter fro m a phase I sample and studied the effects of estimation on the design and performance of the chart by the conditional run length distribution. It is shown that the required phase I sample size needs to be impractically large to make the trchart perform as might be expected under the known parameter case because of the "practitioner-to-practitioner" variability. In this section, we investigate the performance of the median chart and compare it with the tr-chart.  , the process is in control; whereas 1   (or 1   ), the process is improved (or deteriorated). Let the error factor of the estimator be 
Obviously, the probability of a signal is a random variable and the function of  and  , which is the consequence of the parameter estimation. In the estimated parameter case, the estimator $  would be different for different phase I samples, and the probability of a signal would be different for different estimator $  . So, the probability distribution of a signal can be calculated conditionally on  , which reveals the "practitioner-topractitioner" variability. Our main task is to studying the effect of parameter estimation on the chart performance by the conditional ARL distribution.
A Conditional False Alarm Rate of the Median Chart
The FAR is very essential in designing the control chart, which is the probability of a signal when the process is in control, in other words =1  . Thus, the CFAR can be expressed by a function of the random variable  : is the probability density function of a chi-square distribution with 2N DOF. The value of AARL0 and SDA RL0 of the median chart and the tr-chart are calculated using Equation(16) and are shown in Table II, for n=3, 5 (r=3, 5 ) and N=30, 50, 100, 200, 500, or 1000, for a nominal 0 =0.002
It can be seen that the value of AARL0 is much closer to the nominal value 500, and the SDA RL0 value is getting smaller and smaller as N increase for all charts. Moreover, the AARL0 value of the median chart is larger than the trchart, while the SDARL0 value of the median chart is much smaller than the tr-chart when n=3, r=3 (or n=5, r=5).
Reference [12] reco mmended that the SDARL0 value should be within 10% of the desired ICARL value. It needs nearly 1000 phase I samples to satisfy this for the tr-chart when r=3, while it only needs 100 phase I samples for the median chart when n=3. The AARL0 value when n=3 is bigger than the chart's when n=5, and the SDARL0 value when n=3 is smaller than the chart's when n=5 for the median chart.
Above all, the median statistical is a more robust monitoring statistical of the chart to monitor the exponential distributed TBE data, and guarantee the nominal in control performance, especially when n=3. What's more, comparing with the tr-chart, the median chart needs less phase I samples to estimate the parameter.
C Mean of the out-of-control Conditional ARL
In order to investigate the out of control performance, we calculate the AARL of the median chart and compare it with the tr-chart. In all panels, the AARL curves of the median chart reach their maximu m at =1  , which indicates that the AARL is maximal and unbiased, while the AARL of the tr-chart is biased. Second, it can be observed that the tr-chart presents AARL values much lower than those in the median chart when the process has improved ( 1   ). Third, the AARL values of the tr-chart is much greater than those in the median chart for 1   , which indicates that the tr-chart takes longer time to reflect the process deterioration. Therefore, the median chart can be considered more appropriate for the detection of process deterioration, and people usually care more about that; while the tr-chart can be considered more appropriate for the detection of process improvement. What's more, the AARL curve becomes steeper and steeper with N increase in all panels, which means that the chart is more sensitive in reflecting the process shift of both the median chart and the tr-chart.
IV. CONCLUSIONS AND DISCUSSIONS
In this article, a med ian chart is proposed to monitor exponential distributed TBE data. The unbiased control limits of median chart are designed, and some design parameters are proposed for ease of application. The performance of the median chart for both the phase I and the  as N increases for both the med ian chart and the tr-chart. Then, the AARL0 and SDA RL0 values of the in-control chart were calculated, which shows that the proposed chart needs less number of phase I samp les, in the range of 100 when n=3, to assure the in-control performance, wh ich gives confidence to the practitioners to start process monitoring as soon as possible in phase I. The CFA R curve, the AA RL0 and the SDARL0 reveal that the median chart can significantly reduce the "practitioner-to-practitioner" variability co mpared with the tr-chart. For the phase II chart, the AARL curve shows that the proposed chart is more sensitive than the compared chart when the process deteriorates that is people usually care more about; while it needs large nu mber o f phase I samples, in the range of 1000, to make sure that the out-of-control performance close to the known parameter case.
The median statistical is a more robust monitoring statistical to monitor the exponential distributed TBE data, and not only guarantee the nominal in control performance but also ensure the sensitivity of the process shift to a certain extent. In addition, the med ian statistical is much more robust when n=3 than the case when n=5. We recommend the median chart (n=3) to monitor the exponential distributed TBE data. The drawback is that the med ian chart is not very sensitive to the process improvement, which needs further study.
